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We consider the problem of local operations and classical communication (LOCC) discrimina-
tion between two bipartite pure states of Fermionic systems. We show that, contrarily to the case
of quantum systems, for Fermionic systems it is generally not possible to achieve the ideal state
discrimination performances through LOCC measurements. On the other hand, we show that an
ancillary system made of two Fermionic modes in a maximally entangled state is a sufficient addi-
tional resource to attain the ideal performances via LOCC measurements. The stability of the ideal
results is studied when the probability of preparation of the two states is perturbed, and a tight
bound on the discrimination error is derived.
The very concept of quantum information theory re-
quires encoding distinguishable pieces of information on
quantum states. In the simplest instance of encoding
of classical information, the decoding procedure corre-
sponds to the widely studied task of quantum state dis-
crimination [1–8]. In turn, the state discrimination task
has been extensively studied in the scenario where states
are shared by distant agents that are only allowed to use
local operations and classical communication (LOCC) [9–
11]. These tasks are now exhaustively understood in the
quantum realm.
On the other hand, real physical systems are Bosons or
Fermions, and the latter are ruled by a theory that is a
slight variation of the standard quantum one. The study
of information processing in Fermionic theory has then
various reasons, that are both practical and fundamen-
tal [12]. Of particular importance is establishing analo-
gies and differences between quantum and Fermionic im-
plementation of specific information processing tasks.
For example, it is known that quantum and Fermionic
computation are equivalent, meaning that every quan-
tum algorithm can be efficiently mapped to a Fermionic
one, and viceversa [12]. This implies, e.g., that Fermionic
processes are efficiently simulated by quantum comput-
ers [13]. In many other respects, however, the two theo-
ries present significant differences [14–16].
In the present Letter, we study the task of LOCC state
discrimination in the Fermionic theory. We show that,
unlike the quantum case, in the typical situation LOCC
discrimination is strictly suboptimal. We also derive con-
ditions where ideal discrimination performances can be
achieved via a LOCC protocol. These conditions are very
sensitive to prior information about the probability of
occurrence of the two states. Therefore, we study the
behavior of LOCC protocols in the presence of a small
perturbation of the ideal conditions. Moreover, we show
that a pair of Fermionic systems in a maximally entan-
gled state is a sufficient resource in addition to LOCC
to achieve discrimination performances equivalent to the
optimal one.
We briefly introduce the Fermionic quantum theory as
the theory dealing with systems made of local Fermionic
modes [12, 14, 15, 17, 18]. A Fermionic mode represents
the counterpart of a qubit in the quantum theory and
can be either empty or occupied by a single “excitation.”
The states of Fermionic systems satisfy the parity super-
selection rule [12, 16, 18–23], i.e., superpositions of vec-
tors having even or odd excitation numbers are forbidden.
The latter can be derived as a consequence of the assump-
tion that the elements of the Fermionic algebra are Kraus
operators of local Fermionic transformations [18]. The
generators of the Fermionic algebra ϕi, i running over ar-
bitrary sets of N modes, fulfil the canonical anticommu-
tation relations {ϕi, ϕ†j} = δij and {ϕi, ϕj} = {ϕ†i , ϕ†j} =
0 ∀i, j. Once we define the vacuum state |Ω〉 as the
common eigenvector of operators ϕ†iϕi with null eigenval-
ues, the Fermionic operators enable us to define the Fock
states as |n1 . . . nN 〉 := (ϕ†1)n1 · · · (ϕ†N )nN |Ω〉 and the an-
tisymmetrized Fock space F through the linear combina-
tion of all Fock states. We may label with the lowercase
letters e, o those sectors of the Fock space featuring even
and odd parity, respectively. The Jordan-Wigner isomor-
phism [24–26] is a crucial tool to handle the transforma-
tions and informational protocols in Fermionic theory.
Indeed, it maps non-locally the Fermionic operator al-
gebra to an algebra of transformations on qubits, thus
allowing us to proceed with the usual quantum notation.
THE ORTHOGONAL CASE
In quantum theory, we may perfectly discriminate be-
tween any two orthogonal states |ψ〉, |φ〉 of a bipartite
system AB through LOCC measurements [9]. We re-
mind that the most general case of a quantum measure-
ment is represented by a positive-operator valued mea-
sure (POVM), i.e., a collection of effects (positive oper-
ators 0 ≤ S ≤ I) that sum to the identity operator I.
A necessary condition for a POVM to represent a LOCC
measurement is to be separable (SEP). The effect S is
separable if there exists some operators 0 ≤ Ai, Bi ≤ I
such that S =
∑
iAi ⊗ Bi, and a povm represents a
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2separable measurement if it is exclusively made of sepa-
rable effects. Moreover, we recall that LOCC POVMs are
a proper subset of SEP POVMs [27]. In the following we
will use the acronyms LOCC and SEP to denote the cor-
responding subsets of POVMs.
We now give a sketchy summary of the result of Ref. [9].
Every pair of orthogonal bipartite pure states can then
be written as
|ψ〉 =
n∑
i=1
|i〉A |ηi〉B , |φ〉 =
n∑
i=1
|i〉A |νi〉B , (1)
where {|i〉A} is a suitable orthonormal basis in the
Hilbert space of Alice’s system, and {|ηi〉B} and {|νi〉B}
are sets of vectors in Bob’s Hilbert space that are pair-
wise orthogonal, i.e., 〈ηi|νi〉 = 0. Alice has to measure
her system in the given basis and send the outcome to
Bob, who in turn manages to locally discriminate be-
tween two orthogonal states, thus inferring the correct
result. Existence of the decomposition in Eq. (1) was
shown in Ref. [9].
We follow here a strategy similar to the quantum one in
order to distinguish between two pure orthogonal states
|ψ〉, |φ〉 of a bipartite Fermionic system. First of all, we
notice that whenever the two preparations have different
parity, e.g., |ψ〉 ∈ Fe(AB) and |φ〉 ∈ Fo(AB), it is always
possible to perfectly discriminate between the two just
through local measurements. Indeed, Alice and Bob have
to locally measure the parity of their subsystems and if
their outcomes match, then the provided state was even,
otherwise it was the odd one. The nontrivial case then is
that of two pure states with the same parity. Since the
even and odd sector are equivalent under LOCC, it is not
restrictive to focus on even vectors only. We introduce
the following convenient notation for the even vectors
|ψ〉 , |φ〉 ∈ Fe(AB),
|ψ〉 = |ψE〉+ |ψO〉 ,
|φ〉 = |φE〉+ |φO〉 ,
(2)
and recalling the decomposition in Ref. [9], we decom-
pose |ψE〉 =
∑n
i=1 |ei〉A |ηei 〉B, |ψO〉 =
∑n
i=1 |oi〉A |ηoi 〉B,
|φE〉 =
∑n
i=1 |ei〉A |νei 〉B, |φO〉 =
∑n
i=1 |oi〉A |νoi 〉B, where
{|ei〉}, {|oi〉} are Alice orthonormal bases of even and
odd vectors, respectively, while {|ηxi 〉B}, and {|νxi 〉B},
for x = e, o are Bob vectors resulting from the decom-
position. In general, the latter are not normalized and
〈ηxi |νxi 〉B 6= 0. We may indicate with the capitalized let-
ters E or O those entities pertaining to the E and O
spaces of Fe(AB), i.e., those subspaces where the par-
ities of Alice’s and Bob’s subsystems are both even or
odd, respectively. E.g., the E part of vector |ψ〉 is de-
fined as |ψE〉 =
∑n
i=1 |ei〉A |ηei 〉B, whereas the O part is
|ψO〉 =
∑n
i=1 |oi〉A |νoi 〉B. The orthogonality condition
〈ψ|φ〉 = 0 generally reads
〈ψE |φE〉+ 〈ψO|φO〉 = 0. (3)
Let us consider as the first case the scenario where the
two preparations have only one component. Then they
have components either in complementary subspaces,
e.g., |ψ〉 = |ψE〉 and |φ〉 = |φO〉, and it is trivially pos-
sible to discriminate via LOCC by measuring the local
parities, or in the same subspace, e.g., |ψ〉 = |ψE〉 and
|φ〉 = |φE〉. In the latter case the protocol reduces to
the quantum one. Indeed, Alice selects the right basis
{|ei〉} and lets Bob perfectly discriminate between |ηei 〉
and |νei 〉, which are now orthogonal thanks to the result
of Ref. [9]. Moreover, as proved in Ref. [18], product
POVMs in the Jordan-Wigner representation correspond
to LOCC Fermionic POVMs.
As the second case, we consider the situation where
only one component out of the four |ψE〉, |ψO〉, |φE〉, |φO〉
is null. Perfect discrimination is implementable through
LOCC in this case as well. Let us take for instance the
vectors |ψ〉 = |ψE〉 + |ψO〉, and |φ〉 = |φO〉; Alice and
Bob firstly measure the parity of their subsystem and if
the outcome is even, they know for sure that the system
has been prepared in the state |ψ〉. Otherwise, the state
after the measurement is either |ψO〉 /‖ψO‖ or |φO〉, and
the above strategy for the first case applies.
In the most general case all four components are non-
null. If the two E and O parts are orthogonal—that
is when 〈ψE |φE〉 = 〈ψO|φO〉 = 0—Alice and Bob can
measure locally the parity of their systems, thus ob-
taining the post-measurement states |ψ′〉 = |ψE〉 /‖ψE‖
and |φ′〉 = |φE〉 /‖φE‖ if the outcomes are both even,
|ψ′〉 = |ψO〉 /‖ψO‖ and |φ′〉 = |φO〉 /‖φO‖ if the out-
comes are both odd. Consequently they reduced to the
first case.
There is one situation left fulfilling condition (3), i.e.,
when 〈ψE |φE〉 6= 0 and 〈ψO|φO〉 6= 0. This case ex-
hibits the main difference with respect to quantum the-
ory. Consider for instance the states 1/
√
2(|00〉A |00〉B ±
|01〉A |01〉B). In this case, the decompositions in Eq. (1)
involves bases {|ηi〉B} and {|νi〉B} where superpositions
forbidden by the Fermionic superselection rule appear.
Indeed, one has i = ± and
|±〉A :=
1√
2
(|00〉 ± |01〉),
|η±〉B = |ν∓〉B :=
1√
2
(|00〉 ± |01〉).
The last case can thus not be treated by straightfor-
wardly applying the quantum strategy of Ref. [9]. The
following theorem summarizes what we discussed so far,
and shows that it is not possible to perfectly discriminate
two states with 〈ψE |φE〉 6= 0 and 〈ψO|φO〉 6= 0 through
POVMs in SEP, thus neither by means of LOCC.
Theorem 1. Let |ψ〉 and |φ〉 be two pure, normalized
and orthogonal states. Then the following statements are
equivalent: (i) The even and odd parts are separately or-
3thogonal, i.e.,
〈ψE |φE〉 = 〈ψO|φO〉 = 0. (4)
(ii) The two states are perfectly discriminable through
LOCC. (iii) The two states are perfectly discriminable
through SEP.
Proof. It is trivial to see that (ii)⇒ (iii), whereas we have
already shown above that (i) ⇒ (ii) thanks to Ref. [9].
We now focus on the implication (iii) ⇒ (i) and wonder
under what conditions one has
max
S∈SEP
Tr[(|ψ〉 〈ψ| − |φ〉 〈φ|)S] = 1; (5)
namely, the condition for perfect discriminability via SEP.
The expression in Eq. (5) clearly involves only the com-
ponent of S supported on the even subspace Fe(AB).
Now, a necessary condition for a Fermionic effect S sup-
ported on Fe(AB) to be SEP is that S = SE + SO,
where SE and SO have their support on the E space
and O space, respectively (see the Supplemental Mate-
rial). Consequently, the condition in Eq. (5) is equivalent
to
Tr
[(
|ψ˜E〉 〈ψ˜E | − |φ˜E〉 〈φ˜E |
)
SE
]
= 1,
Tr
[(
|ψ˜O〉 〈ψ˜O| − |φ˜O〉 〈φ˜O|
)
SO
]
= 1,
(6)
for S = SE + SO representing an effect in SEP, |ψ˜E〉,
|φ˜E〉, |ψ˜O〉, |φ˜O〉 being normalized vectors such that
|ψ˜E〉 = |ψE〉 /‖ψE‖ etc. Thus, it is possible to perfectly
discriminate the two states through separable effects only
if the E and O parts are perfectly discriminable sepa-
rately, as required in Eq. (4). 
ANCILLA ASSISTED DISCRIMINATION
We now show that one can overcome the limits of The-
orem 1 by providing the two parties with an ancillary
system prepared in a suitable pure entangled state |ω〉.
Let us take
|ω〉AB := a |00〉+ b |11〉 for a, b 6= 0, (7)
and consider the task of discriminating the new vectors
|ψ′〉 := |ψ〉 ⊗ |ω〉 and |φ′〉 := |φ〉 ⊗ |ω〉. In particular, we
will see that only a maximally entangled ancillary state—
i.e., with |a|2 = |b|2 = 1/2—enables perfect discrimina-
tion between every two pure Fermionic states, regardless
of condition (4).
Theorem 2. It is always possible to perfectly discrimi-
nate between every two pure, normalized and orthogonal
preparations |ψ〉 and |φ〉 with LOCC and an ancillary sys-
tem in a pure maximally entangled state
|ω〉AB =
1√
2
(
|00〉+ eiϕ |11〉
)
, ϕ ∈ [0, 2pi). (8)
Moreover, the same does not hold if the ancillary state is
not maximally entangled.
Proof. We show here a sketch of the proof, the full rigor-
ous derivation being given in the Supplemental Material.
Let us consider the states
|ψ′〉 = |ψ〉 ⊗ |ω〉 = |ψ′O〉+ |ψ′E〉 ,
|φ′〉 = |ψ〉 ⊗ |ω〉 = |φ′O〉+ |φ′E〉 ,
with |ψ′E〉 = a |ψE00〉 + b |ψO11〉, |ψ′O〉 = b |ψE11〉 +
a |ψO00〉, |φ′E〉 = a |φE00〉 + b |φO11〉, and |φ′O〉 =
b |φE11〉 + a |φO00〉, and evaluate for |a|2 = |b|2 = 12 the
scalar products
〈ψ′E |φ′E〉 = 〈ψ′O|φ′O〉 =
1
2
〈ψ|φ〉 = 0.
The vectors |ψ′〉 and |φ′〉 do satisfy Eq. (4), even if |ψ〉
and |φ〉 may not. Thus, we are now able to apply the
protocol of Theorem 1 to the new states as shown above.
Condition (8) is also necessary for perfect discrimination,
as shown in the Supplemental Material. 
OPTIMAL DISCRIMINATION
If the orthogonality condition 〈ψ|φ〉 = 0 is relaxed,
the two states are clearly not perfectly discriminable.
Hence, one looks for the protocol which minimizes the er-
ror probability—i.e., the probability of wrong detection.
For this purpose, it is necessary to introduce our prior
probabilities for the two states, given by the distribution
{p, q}. In this case, the error probability reads
Perr := Tr[p |ψ〉 〈ψ|Πφ + q |φ〉 〈φ|Πψ],
where {Πψ,Πφ} is the binary POVM describing the dis-
crimination protocol. We remind that by definition the
POVM satisfies Πψ,Πφ ≥ 0 and Πψ + Πφ = I. In the
quantum case, the optimal discrimination strategy cor-
responds to the POVM {|+〉 〈+| , |−〉 〈−|} diagonalizing
the operator
∆ := p |ψ〉 〈ψ| − q |φ〉 〈φ| = λ+ |+〉 〈+|+ λ− |−〉 〈−| , (9)
where λ+ > 0, λ− < 0 are the eigenvalues of ∆, and
〈+|−〉 = 0 (see Refs. [1, 2]). The corresponding error
probability is [2]
Perr = 1
2
(
1− ‖∆‖1
)
. (10)
In Ref. [10], the authors observe that optimal discrimina-
tion through LOCC of |ψ〉 and |φ〉 with prior probabilities
p and q, respectively, is equivalent to perfect LOCC dis-
crimination between |+〉 and |−〉 (see also Ref. [2]), thus
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crimination. While the latter is always possible in quan-
tum theory, we know from Theorem 1 that in Fermionic
theory this is true only if the eigenvectors satisfy
〈+E |−E〉 = 〈+O|−O〉 = 0. (11)
Otherwise, by Theorem 2 perfect LOCC discrimination re-
quires a maximally entangled ancilla. As for the perfect
discrimination case, also the conditions for optimal LOCC
discrimination in Fermionic theory differ from the quan-
tum ones only when the E and O components of |+〉 and
|−〉 are all non-zero, and 〈+E |−E〉 , 〈+O|−O〉 6= 0. For
the latter case, we now prove a necessary and sufficient
condition for achievability of optimal discrimination with
LOCC that does not require diagonalization of ∆.
Theorem 3. Let ρ = p |ψ〉 〈ψ| and σ = q |φ〉 〈φ| be two
pure and sub-normalized states for p, q > 0 and p+q = 1.
They are optimally discriminable through LOCC if and
only if they satisfy
[∆, PE ] = 0, (12)
where ∆ is defined in Eq. (9) and PE is the projector
onto the E subspace.
Remark. Let us consider the projectors Pe and PO on the
even subspace Fe(AB) and O subspace of system AB,
respectively, to observe that Pe = PE +PO and [∆, Pe] =
0. Hence, Eq. (12) is fulfilled if and only if [∆, PO] = 0
so the two expressions are interchangeable.
Proof. Since optimal discrimination between |ψ〉 and |φ〉
is equivalent to perfect discrimination between |+〉 and
|−〉, by Eq. (11) optimal discriminability of the states |ψ〉
and |φ〉 by LOCC is equivalent to the condition
〈+|PE |−〉 = 〈+|PO|−〉 = 0. (13)
Now, taking the difference of the first two members of
Eq. (13), we can then express the LOCC-discriminability
condition through the single expression
〈+|(PE − PO)|−〉 = 0. (14)
Indeed, since PO = Pe − PE , Eq. (14) is equivalent to
the requirement that the restriction of the projector PE
onto the space Span{|ψ〉 , |φ〉} is diagonal in the basis
{|+〉 , |−〉}. The operators ∆ and PE are simultaneously
diagonalizable if and only if [∆, PE ] = 0. Equation (12) is
then equivalent to attainability of optimal discrimination
between the two states ρ and σ via LOCC. 
We may wonder what happens when condition (12)
is not satisfied. As we show in the next theorem, the
best discrimination strategy through SEP corresponds to
measuring in the basis of eigenvectors of ∆E and ∆O,
defined as the restriction of the operator ∆ onto the E
and O subspaces, respectively. Such a strategy is LOCC.
Theorem 4. Let ρ = p |ψ〉 〈ψ| and σ = q |φ〉 〈φ| be two
pure subnormalized states for p, q > 0 and p + q = 1.
The optimal SEP discrimination protocol is locally imple-
mentable through LOCC and its error probability reads
PSEPerr = PLOCCerr =
1
2
(1− ‖∆E + ∆O‖1), (15)
where ∆E = PE∆PE and ∆O = PO∆PO.
Proof. This result can be obtained considering that
PSEPerr = p− max
Πψ∈SEP(AB)
Tr[Πψ∆],
where Πψ must be of the form Πψ = ΠEψ + Π
O
ψ in order
to comply with the separability condition, as observed in
the proof of Theorem 1. The result then follows. 
The above result allows us to treat the case where we
are restricted only to local measurements and Eq. (12)
does not hold for the preparations ρ, σ. Once we are given
the pure states |ψ〉 and |φ〉, the condition for optimal
LOCC discrimination of Eq. (12) is fulfilled either for the
vectors laying in the E or O space, i.e., [|ψ〉 〈ψ| , PE ] =
[|φ〉 〈φ| , PE ] = 0, or if the probability p satisfies
[|ψ〉 〈ψ| , PE ] = 1− p
p
[|φ〉 〈φ| , PE ]. (16)
Condition (16) can be satisfied by a unique value of the
prior probability p, unless [|ψ〉 〈ψ| , PE ] = [|φ〉 〈φ| , PE ] =
0. However, we now show that optimal LOCC discrim-
ination can achieve the performances of unconstrained
protocols, provided that two ancillary Fermionic systems
are used in a maximally entangled state. As discussed
above, indeed, the problem of optimal discrimination be-
tween two pure states reduces to that of the orthogonal
vectors |+〉 , |−〉 in Eq. (9). Considering Theorem 2, we
know that orthogonal states can be perfectly discrimi-
nated via LOCC provided a maximally entangled ancillary
system is available. These two observations immediately
lead to our last result.
Theorem 5. Let ρ = p |ψ〉 〈ψ| and σ = q |φ〉 〈φ| be two
pure subnormalized states for p, q > 0 and p + q = 1. It
is always possible to optimally discriminate between the
two preparations via LOCC if we use an ancillary system
in a pure maximally entangled state.
Equation (16) introduces a strict condition on the prior
probability of the preparations, which are always sub-
ject to noise. We show hereafter that if we introduce a
small perturbation  on the preparation probabilities of
pair of states satisfying Eq. (12), the discrimination error
probability increases at most linearly in  with respect to
the appropriate optimal LOCC protocol. Thus, we map
p 7→ p+  and attain
∆ :=(p+ ) |ψ〉 〈ψ| − (q − ) |φ〉 〈φ|
=∆0 + (|ψ〉 〈ψ|+ |φ〉 〈φ|),
5where [∆0, PE ] = 0. At this stage, we estimate the error
difference between the optimal povm P0 := {Πψ,Πφ} for
 = 0, which is LOCC thanks to Theorem 3, and the
LOCC-optimal povm for the perturbed case ∆. The
error increases as δPerr := Perr(P0|∆) − PLOCCerr (∆) ≥
0 where Perr(P0|∆) = Tr[(p + ) |ψ〉 〈ψ|Πφ + (q −
) |φ〉 〈φ|Πψ] and PLOCCerr (∆) = 12 (1 − ‖∆E + ∆O‖1) as
in Eq. (15). Accordingly manipulating the expression for
δPerr one obtains
δPerr ≤ k||+ g, (17)
where k, g ≥ 0 are suitable constants depending only on
|ψ〉, |φ〉. The former inequality is as tight as possible: let
us take indeed the states |ψ〉 = 1/√2 |00〉+1/√2 |11〉 and
|φ〉 = α |00〉+√1− α2 |11〉, where α := (1/√2 + ξ), and
ξ belongs to a neighborhood of zero. In such a case, we
have numerically assessed that the error difference δPerr
exhibits a corner in  = 0 as ξ → 0 (more details can be
found in the Supplemental Material).
We also investigate the performance of the optimal
LOCC protocol for  6= 0 in the neighborhood of a prior
probability p satisfying condition (16), by comparing
its efficiency to that of the optimal unconstrained (i.e.,
entanglement-assisted LOCC) povm. Thus we estimate
δP ′err := PLOCCerr (∆)−Perr(∆) ≥ 0 by means of Eqs. (10)
and (15), obtaining
δP ′err ≤ κ|| , (18)
for a suitable κ ≥ 0, thanks to the triangle inequality.
We remark that, in the case of a mismatch in the as-
sessment of the prior probability p, also for unconstrained
optimal discrimination—coinciding with ancilla-assisted
LOCC—one has the same bound as in Eq. (17), with pos-
sibly different constants k and g. This feature, however,
must not be considered as an artefact of Fermionic the-
ory. Indeed, the technique used to derive the bound in
Eq. (17) is very general and leads to the same behavior
in the quantum case as well.
DISCUSSION
As in the quantum case, discrimination with separa-
ble and LOCC POVMs in the Fermionic case achieve the
same performances. Unlike in quantum theory, on the
other hand, in Fermionic theory ideal state discrimina-
tion through LOCC is subject to non-trivial conditions.
In this Letter, we derived the conditions under which
LOCC discrimination achieves the ideal performances of
unconstrained discrimination protocols. However, in the
Fermionic case, ancilla-assisted LOCC protocols achieve
ideal discrimination. One has to remark, though, that
this is the case only for maximally entangled ancillary
states. The former statement unequivocally determines
the amount of entanglement required for such a task.
We finally studied the behavior of optimal protocols—
which depend on prior probabilities of the states to be
discriminated—if the prior conditions are subject to per-
turbation. A remarkable instability is observed, corre-
sponding to a corner point in the curve representing the
error probability excess due to non-optimized POVMs.
We stress that the latter phenomenon is not exclusive of
Fermionic theory, as it occurs also in the quantum case.
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Separable effects
In order to implement the parity superselection rule,
the operator 0 ≤ S ≤ I representing a separable effect
supported on Fe(AB) must be of the form
S = SE + SO, (19)
where SE =
∑
i ei ⊗ e′i, SO =
∑
j oj ⊗ o′j , and
ei, e
′
i, oj , o
′
j ≥ 0, with
Supp(ei) ⊆ Fe(A) Supp(e′i) ⊆ Fe(B)
Supp(oj) ⊆ Fo(A) Supp(o′j) ⊆ Fo(B).
Once the effect is applied to a Fermionic state τ ∈
St(AB), the Born rule returns
Tr[τS] = Tr[PEτPESE + POτPOSO]. (20)
The above expression shows that any separable POVM op-
erates on the E and O parts of τ independently. In par-
ticular, in the proof of Theorem 1 we seek the maximum
of r := Tr[(ρ − σ)S], with ρ = |ψ〉 〈ψ| and σ = |φ〉 〈φ|,
i.e.,
r =Tr
[ (|ψE〉 〈ψE | − |φE〉 〈φE |)SE
+
(|ψO〉 〈ψO| − |φO〉 〈φO|)SO].
The latter achieves unit value if and only if one can find
SE and SO such that
Tr[ρS] = ‖ψE‖2 〈ψ˜E |SE |ψ˜E〉+ ‖ψO‖2 〈ψ˜O|SO|ψ˜O〉 = 1,
Tr[σS] = ‖φE‖2 〈φ˜E |SE |φ˜E〉+ ‖φO‖2 〈φ˜O|SO|φ˜O〉 = 0,
where |η˜〉 := |η〉 /‖η‖. However, due to the hypotheses
assumed so far, we achieve the above conditions if and
only if Eq. (6) is satisfied.
Proof of Theorem 2
Alice and Bob are provided with an entangled ancilla in
the state |ω〉, as in Eq. (7). They now share two bipartite
systems in the possible states |ψ′〉 = |ψ〉 ⊗ |ω〉 or |φ′〉 =
|φ〉 ⊗ |ω〉, whose full expression can be obtained from
|ψ′E〉 = a
n∑
i=0
|ei0〉A |ηei 0〉B + b
n∑
j=0
|oj1〉A |ηoj1〉B
|φ′E〉 = a
n∑
i=0
|ei0〉A |νei 0〉B + b
n∑
j=0
|oj1〉A |νoj 1〉B
|ψ′O〉 = b
n∑
i=0
|ei1〉A |ηei 1〉B + a
n∑
j=0
|oj0〉A |ηoj0〉B
|φ′O〉 = b
n∑
i=0
|ei1〉A |νei 1〉B + a
n∑
j=0
|oj0〉A |νoj 0〉B .
(21)
Let ΣE := 〈ψE |φE〉 and ΣO := 〈ψO|φO〉 = −ΣE , where
the last equality follows from the fact that ΣE + ΣO =
〈ψ|φ〉 = 0. As shown in the body, there are cases where
the ancilla is not needed, and clearly its presence cannot
reduce the performances of LOCC discrimination. The
remaining case is that where ΣE 6= 0. The necessary
and sufficient condition for perfect LOCC discrimination
between |ψ′〉 and |φ′〉 of Eq. (4) can then be written using
Eq. (21) as
〈ψ′E |φ′E〉 = (|a|2 −|b|2)ΣE = 0.
For |a|2 = |b|2 = 12 the above condition is clearly satisfied.
On the other hand, if ΣE 6= 0, discrimination by LOCC is
not possible for |a| 6= |b|.
Extremal case for δPerr bound
In the Letter we investigated the behavior of the dis-
crimination error in the case where the prior probabil-
ities slightly differ from the ideal ones. We are given
7two pure states |ψ〉, |φ〉 and if there exists a probability
distribution {p, q} such that condition (16) is satisfied,
we proved that such a solution is unique and the opti-
mal discrimination strategy is LOCC-implementable, un-
less [PE , |ψ〉 〈ψ|] = [PE , |φ〉 〈φ|] = 0. Therefore, a small
perturbation  in the prior probability p produces an in-
crease of error probability of the locc protocol—which is
optimized for the unperturbed case—with respect to the
optimal LOCC one. For this purpose, we introduce the
quantity
δPerr := Perr(P0|∆)− PLOCCerr (∆). (22)
Thanks to the triangle inequality we have that
δPerr =1
2
(∣∣∣‖∆E + ∆O‖1 − ‖∆0‖1∣∣∣
+Tr[(|ψ〉 〈ψ|+ |φ〉 〈φ|)(Πφ −Πψ)]
)
≤ k||+ g,
for
k :=
1
2
∥∥∥δE + ∆O −∆0∥∥∥ ,
g :=
1
2
Tr[(|ψ〉 〈ψ|+ |φ〉 〈φ|)(Πφ −Πψ)].
Hence, the error difference δPerr is sublinear.
We numerically assessed that the bound above is in-
deed achieved by the states
|ψ〉 = 1√
2
|00〉+ 1√
2
|11〉
|φ〉 =
(
1√
2
+ ξ
)
|00〉+ γ√
2
|11〉 ,
where γ :=
√
1− 2√2ξ − 2ξ2 and ξ belongs to a neigh-
borhood of zero. The condition for optimality of Eq. (16)
is fulfilled by
p(ξ) =
γ +
√
2γξ
1 + γ +
√
2γξ
for ξ ∈ [0, 1−
√
2/2)
and the terms of Eq. (22) read
Perr(P0|∆) = Tr[(p+ ) |ψ〉 〈ψ|Πφ + (q − ) |φ〉 〈φ|Πψ]
PLOCCerr (∆) =
1
2
(1− ‖∆E + ∆O‖1).
In Fig. 1 we show a plot of the quantity δPerr versus  and
ξ. We observe that, letting ξ vary in a neighborhood of
0 one gets arbitrarily close to the bound in Eq. (17). On
the other hand, the same analysis shows that one cannot
find any lower bound for δPerr better than δPerr ≥ 0.
Following exactly the same line as in the above derivation
of the bound in Eq. (17), one can derive the bound in
Eq. (18).
8Figure 1. The plot shows the difference δPerr between the
error probability Perr(P0|∆) in discrimination between ρ =
(p+) |ψ〉 〈ψ| and σ = (1−p−) |φ〉 〈φ| with the POVM that is
optimal for discrimination between p |ψ〉 〈ψ| and (1−p) |φ〉 〈φ|
and the error probability PLOCCerr (∆) in discrimination be-
tween the same states ρ and σ with the correct LOCC-optimal
POVM, as a function of  and ξ, where |ψ〉 = 1/√2(|00〉+|11〉)
and |φ〉 = α |00〉+√1− α2 |11〉, and α = 1/√2 + ξ. The spe-
cial value p of the prior probability, corresponding to  = 0, is
such that p |ψ〉 〈ψ| and (1−p) |φ〉 〈φ| are ideally discriminable
via LOCC. All the other values of , on the other hand, lead
to pairs of states ρ and σ that cannot be ideally discriminated
via LOCC. For values of ξ in a neighborhood of 0 the function
δPerr gets arbitrarily close to the bound δPerr ≤ k||+ g for
suitable constants k and g.
